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Abstract 

We prove the existence of a compact random attractor for the stochastic Benjamin-Bona- 
Mahony Equation defined on an unbounded domain. This random attractor is invariant and 
attracts every pulled-back tempered random set under the forward flow. The asymptotic com- 
pactness of the random dynamical system is established by a tail-estimates method, which shows 
that the solutions are uniformly asymptotically small when space and time variables approach 
infinity. 

Key words. Stochastic Benjamin-Bona-Mahony Equation, random attractor, pullback attrac- 
tor, asymptotic compactness. 

MSG 2000. Primary 60H15. Secondary 35B40, 35B41. 

1 Introduction 

This paper is concerned with the asymptotic behavior of solutions of the stochastic Benjamin-Bona- 
Mahony (BBM) equation on an unbounded three-dimensional channel. Let Q = D x M where D is 
a bounded open subset of M?. Consider the fohowing BBM equation on Q: 

du-d{Au) -uAudt + V ■Viu)dt = gdt + hdw, xeQ, t > 0, (1.1) 

where u is a positive constant, g = g{x) and h = h{x) are given functions defined on Q, F is a 
smooth nonlinear vector function, and w is a two-sided real-valued Wiener process on a probabihty 
space which will be specified later. 
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Stochastic differential equations arise from many physical systems when random uncertainties 
are taken into account. The long-term behavior of random systems is captured by a pullback 
random attractor. This concept was introduced in [21^ [22] as an extension to stochastic systems 
of the attractors theory of deterministic equations in [HI [261 Ell [SH HQ] . The existence of random 
attractors has been studied extensively by many authors, see, e.g., [31 [TTl [161 ISOl [ZD [12] and the 
references therein. Notice that the partial differential equations (PDEs) studied in these papers 
are all defined in bounded domains. In the case of unbounded domains, the existence of random 
attractors for PDEs is not well understood yet. In this case, as far as we know, the existence of 
random attractors is only established for the Reaction-Diffusion equation on M" in [12j recently. In 
this paper, we will investigate the existence of a compact random attractor for the stochastic BBM 
equation defined on the unbounded channel Q. 

Notice that Sobolev embeddings are no longer compact for the unbounded domain Q. This in- 
troduces a major obstacle for proving the existence of attractors for the Benjamin-Bona-Mahony 
equation defined on Q. For some deterministic equations, the difficulty caused by the unbound- 
edness of domains may be overcome by the energy equation approach or by the tail-estimates 
approach. The energy equation method was developed by Ball in [9l [TO] and used by many au- 
thors (see, e.g., [231 EHl [13 [311 [Ml [Ml US])- The tail-estimates approach was developed in [41j 
for deterministic PDEs and used in [H [H [H [Ml [Ml [Ml [Ml [M]- In this paper, we will develop 
a tail-estimates approach for weakly dissipative stochastic PDEs like the Benjamin-Bona-Mahony 
equation and prove the existence of compact random attractors on unbounded domains. The idea 
is based on the observation that the solutions of the equation are uniformly small when space and 
time variables are sufficiently large. 

We mention that the Benjamin-Bona-Mahony equation was proposed in [13j as a model for 
propagation of long waves which incorporates nonlinear dispersive and dissipative effects. In the 
deterministic case, the existence and uniqueness of solutions were studied in [6l 171 [T3l [111 [TS l [TSl [24l 
[m [29], and the global attractors were investigated in[5l[I71[l9l[Ml[lll[l3llll]- In order to deal with 
the stochastic Benjamin-Bona-Mahony equation, we need to transform the stochastic equation with 
a random term into a deterministic one with a random parameter. This transformation will change 
the structure of the original equation and hence cause some extra difficulties for deriving uniform 
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estimates on solutions, especially on the tails of solutions for large space and time variables. For 
instance, if we take the inner product of the deterministic BBM equation with u in L'^{Q), then 
the nonlinear term disappears, and hence the uniform estimates in this case are not hard to get. 
However, after transformation, this property is lost and the nonlinear term does not disappear 
when performing energy estimates. This is the reason why much effort of this paper is devoted to 
deriving the uniform estimates on the tails of solutions (see Section 4 for details). 

This paper is organized as follows. In the next section, we review the pullback random attractors 
theory for random dynamical systems. In Section 3, we define a continuous random dynamical 
system for the stochastic Benjamin-Bona-Mahony equation on Q. Then we derive the uniform 
estimates of solutions in Section 4, which include the uniform estimates on the tails of solutions. 
Finally, in Section 5, we establish the asymptotic compactness of the random dynamical system 
and prove the existence of a pullback random attractor. 

In the sequel, we adopt the following notations. We denote by || • || and (•, •) the norm and the 
inner product of L'^{Q), respectively. The norm of a given Banach space X is written as || • \\x- We 
also use || • ||p to denote the norm of U'{Q). The letters c and Cj (i = 1, 2, . . .) are generic positive 
constants which may change their values from line to line or even in the same line. 

Throughout this paper, we will frequently use the embedding inequality 

\\u\\oo < Po\\u\\h2(q), \/uGH^{Q), (1.2) 

and the Poincare inequality 

\\Vuf>X\\uf, \/ueH^{Q), (1.3) 
where (3o and A are positive constants. 

2 Preliminaries 

In this section, we recall some basic concepts related to random attractors for stochastic dynamical 
systems. The reader is referred to O \TT\ [20} [22] for more details. 

Let (^,11 • ||x) be a separable Hilbert space with Borel cr-algebra B{X), and {^},J-',P) be a 
probability space. 
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Definition 2.1. {D,,J^,P,{9t)teR) is called a metric dynamical system if : R x O — $7 is 
X JT, ^)-measurable, is the identity on J7, Og+t = Ot^Os for all G M and 9tP = P for 
all t e M. 

Definition 2.2. A continuous random dynamical system (RDS) on X over a metric dynamical 
system {U, JT, P, {9t)teR) is a mapping 

$ : R+ X f2 X X ^ X (t, w, a;) w, x), 

which is x x ;B(X))-measurable and satisfies, for P-a.e. a; G fi, 

(i) ^{0,LO, •) is the identity on X; 

(ii) + s, •) = 6'5a;, •) o w, •) for all t,se R+; 

(iii) a;, •) : X ^ X is continuous for aU t G M+. 

Hereafter, we always assume that $ is a continuous RDS on X over (^i,^, P, {9t)teM.)- 

Definition 2.3. A random bounded set {B{u!)}u,en of X is called tempered with respect to {9t)teis. 
if for P-a.e. a; G fi, 

lim e-'^^d{B{9-tco)) = for all (3 > 0, 

where d{B) = supj-gg 

Definition 2.4. Let P be a collection of random subsets of X. Then T> is called inclusion-closed 
ii D = {D{io)}^^n G P and i) = {D{co) C X : lo e n} with D{io) C ^(u;) for all u; G O imply that 

Dev. 

Definition 2.5. Let P be a collection of random subsets of X and {K{u)}ujen G V. Then 
{K{uj)}^^Q is called an absorbing set of $ in !> if for every B eV and P-a.e. u & Q, there exists 
tB{co) > such that 

6'_ta;, B{9-t^)) C for all i > 

Definition 2.6. Let P be a collection of random subsets of X. Then $ is said to be P-pullback 

asymptotically compact in X if for P-a.e. w G ^_t„w, x„)}^]^ has a convergent subse- 

quence in X whenever tn — > oo, and Xn G B{9-t„oj) with {i?(a;)}a)ef2 G T>. 
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Definition 2.7. Let D he a collection of random subsets of X and {^(w)}^;^^ G Then 
{A{uj)}uj(^n is called a D-random attractor (or 2?-pullback attractor) for <I> if the following con- 
ditions are satisfied, for P-a.e. uj £ il, 

(i) A{u)) is compact, and lj i— > d{x,A{io)) is measurable for every x £ X; 

(ii) {A{LLi)}uj£n is invariant, that is, 

w, .A(u;)) = .A((9tu;), V t > 0; 

(iii) {^(ti-'jli^en attracts every set in V, that is, for every B = {B{u)}^(zq £ V, 

lim d{^{t,e^tuj,B{e^tio)),Aiu;)) = 0, 

t— ►oo 

where d is the Hausdorff semi-metric given by d(Y,Z) = sup^^gy inf^g^ \\y — z\\x for any Y <^ X 
and Z C X. 

The following existence result on a random attractor for a continuous RDS can be found in 
[II1I22]. 

Proposition 2.8. Let D be an inclusion-closed collection of random subsets of X and $ a con- 
tinuous RDS on X over (Q,J^,P, {Ot)teR)- Suppose that {K{uj)}ujeK is a closed absorbing set of ^ 
in D and <I> is D-pullback asymptotically compact in X. Then <1> has a unique D-random attractor 
{A{uj)}uj£Q which is given by 

T>0 t>T 

In this paper, we will determine a collection of random subsets for the stochastic Benjamin-Bona- 
Mahony equation on Q, and prove the equation has a 2?-random attractor in Hq{Q). 

3 Stochastic Benjamin-Bona-Mahony equations 

In this section, we discuss the existence of a continuous random dynamical system for the stochastic 
Benjamin-Bona-Mahony equation defined on an unbounded channel. Let D be a bounded open 
subset of and Q = D x M.. Consider the stochastic BBM equation defined on Q: 

du-d{Au) -uAudt + V ■V{u)dt = gdt + hdw, xeQ, t > 0, (3.1) 
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with the boundary condition 

u\aQ = 0, (3.2) 

and the initial condition 

0) = uo(x), xgQ, (3.3) 

where u is a positive constant, g G L'^iQ) and h £ Hq{Q) are given, it; is a two-sided real- valued 
Wiener process on a probability space which will be specified below, and F is a smooth nonlinear 
vector function given by F (s) = {Fi{s), F2{s), Fs{s)) for s G M, where F^ {k = 1,2,3) satisfies 

Ffc(0) = 0, |F^(s)| <7i+72|s|, sGM, (3.4) 

where 71 and 72 are positive constants. Denote by 

Gk{s) = r Fk{t)dt and G(s) = (Gi(s), ^2(5), ^3(5)), s€R. (3.5) 
Jo 

Then it follows from (|3.4p that, for k = 1, 2, 3, 

|i^fc(s)| <7i|s| +72|sP and |Gfc(s)| < 7i|sp + 72|s|^- (3.6) 

Note that the classical Benjamin-Bona-Mahony equation with Fk{s) = s + indeed satisfies 
condition (|3.4p . Let (3o and A be the positive constants in ()1.2p and (II. 3p . respectively, and denote 
by 

(5 = min{z/, ^zvA} and /? = 4/3o72||/i||//i • (3.7) 
Then choose a sufficiently large number a such that 

a > — ^. 3.8 

As we will see later, these constants a, (3 and 5 prove useful when deriving uniform estimates on 
the solutions. 

In the sequel, we consider the probability space {yt,!F,P) where 

O = {(J G C(M,M) : w(0) = 0}, 

T is the Borel cr-algebra induced by the compact-open topology of fi, and P the corresponding 
Wiener measure on {Vt,T). Define the time shift by 

etuj{-) = oj{- + t)-uj{t), uj£n, teM. 



Then {0,,J-,P,{9t)teM.) is a metric dynamical system. For our purpose, we need to convert the 
stochastic equation (13. ip with a random term into a deterministic one with a random parameter. 
To this end, we consider the stationary solutions of the one-dimensional equation: 

dy + aydt = dw{t), (3-9) 

where a satisfies (13. 8p . The solution to (j3.9p is given by 

y{etOj) = -a f e"^(0iw)(r)dr, t G R. 

J —oo 

It is known that there exists a 0t-invariant set C of full P measure such that y{9tU)) is continuous 
in t for every a; G and the random variable is tempered (see, e.g., [3l W\ \ [20 l [2T]). 

Put z{etuj) = iI-A)-^hy{0tuj) where A is the Laplacian with domain H^{Q) f] H^{Q). By (^M 
we find that 

dz — d{Az) + a{z — Az)dt = hdw. 
Let v{t,bj) = u{t,uj) — z{6tOj), where u{t,uj) satisfies ()3.ip - ()3.3p . Then for v(t,uj) we have that 

vt - Avt - uAv = -V • 'f{v + z{etu))) + g + az{etuj) + {u - a)Az{9tUj), (3.10) 

with the boundary condition 

v\aQ = 0, (3.11) 

and the initial condition 

v{0,oj) =vo{uj). (3.12) 

By a Galerkin method as in j28l [29], it can be proved that under the assumption (j3.4p . for 
P-a.e. u! £ Q, and for all vq £ H^{Q), problem (|3.1(jp - (|3.12p has a unique solution v{-,u;,vo) E 
C {[0, oo), Hq{Q)) with v{0,uj,vo) = vq. Further, the solution t;(t,a;,?;o) is continuous with respect 
to Vq in Hq{Q) for all t > 0. Throughout this paper, we always write 

u(t,u;,uo) = v(t,u;,vo) + z{9tio), with vo = uo — z{uj). (3.13) 

Then n is a solution of problem (j3.ip - (|3.3p in some sense. We now define a mapping $ : x Q x 
HliQ) ^ HliQ) hy 

<S>(t,u;,uo) = u{t,uj,uo), y (t,uj,uo) X n X Hq{Q). (3.14) 



Note that $ satisfies conditions (i), (ii) and (iii) in Definition 12. 2[ Therefore, $ is a continuous 
random dynamical system associated with the stochastic Benjamin-Bona-Mahony equation on Q. 
In what follows, we will prove that $ has a P-random attractor in Hq{Q), where P is a collection 
of random subsets of Hq(Q) given by 

V = {B : B = {5(a;)}^en, B{io) C HI{Q) and e-^^^d{B{9-t^)) ^ as t ^ oo}, (3.15) 

where 5 is the positive constant in (|3.7p and 

d{B{e^tUj)) = sup ||n||^i(Q). 

Notice that V contains all tempered random sets, especially all bounded deterministic subsets of 

4 Uniform estimates 

In this section, we derive uniform estimates on the solutions of the stochastic Benjamin-Bona- 
Mahony equation defined on Q when t ^ oo, which include the uniform estimates on the tails of 
solutions as both x and t approach infinity. These estimates are necessary for proving the existence 
of bounded absorbing sets and the asymptotic compactness of the random dynamical system. 

From now on, we always assume that V is the collection of random subsets of Hq{Q) given by 
(j3.15p . We first derive the following uniform estimates on v in Hq{Q). 

Lemma 4.1. Assume that g £ L'^iQ), h £ Hq{Q) and (fO]l holds. Let B = {B{io)}^^Q^ e V and 
vq{uj) G B{uj). Then for P-a.e. uj £ ii, there is T = T{B,uj) > such that for all t >T, 

\\v{t,9_tUJ,vo{9-tUj))\\Hi(Q) < niuj), 

where ri(uj) is a positive random function satisfying 

e"i'^Vi(0_ta;) ^ as t ^ oo. (4.1) 

Proof. Taking the inner product of (|3.1U|) with v in Lp'{Q) we find that 

--r iM? + ||Vf in + v\\Vvf = - I vV ■ F(v + z(9tuj))dx 
'^dt Jq 

8 



+ {g + aziOtUj) + {v- a)Az{etu;),v). (4.2) 

By (j3.5p we have V • G{u) = F[u) ■ Vu and hence, by (jl.2p and (j3.6p . the nonhnear term on the 
right-hand side of (j4.2p satisfies 



W • F + z(6lta;))(ix = - {u - z{9tUj))V ■ F{v + z{etOj))dx 

Jq 

= - uV ■ 'F{u)dx + / z{etuj)V ■ 'f{v + z{9tuj))dx 

Jq Jq 

= / F (u) • Vudx + / z(6lta;)V • F{v + z{9tu}))dx 

Jq Jq 

= [ V-Giu)dx+ [ z{etu;)V ■F{v + zi9tu;))dx 
Jq Jq 

z{etUj)V ■ F{v + z{etuj))dx = - [ F{v + z{9tuj)) ■ Vz{9tuj)dx 



<7i / \v + z{9tuj)\ \Vz{9tuj)\dx + -f2 / \v + z{9tiu)\'^\Vz{9tuj)\dx 
Jq Jq 

<-fi{\\v\\ + \\z{9tUj)\\)\\Vz{9tu)\\+2j2 I \v\^\Vz{9tUj)\dx + 2-f2 [ \z{9tio)\^\Vz{9tu;)\dx 

Jq Jq 



'Q 

< luX\\vf + cMOtio)\^ + 272||Vz(Mlloo|bf + 2-f2\\z{9tu;)\\l\\Vz{9tu;)\\ 
o 

< liyX\\vf + ci|y(Ml' + 272/^0 II Vz(^tc^) 1^2 \\vf + C2|y(Ml' 

o 

< luX\\vf + ci\y{9tuj)\^ + 2j2Mh\\m\yi0tuj)\ ||7;f + c2|y(Ml'- (4.3) 



By the Young inequahty, the second term on the right-hand side of (j4.2p is bounded by 

1(5 + azi9tuj) + (z. - a)Azi9tu;),v)\ < ^lyXllvf + c^iWgf + \\zi9tij)f + ||Az(Mf ) 

< ^z.A||?;f + C4(1 + |2/(MI')- (4.4) 

It follows from (1421) -(1441) that 



|iHi^.+2.iiv.f a 



v\\l,+2iy\\Vvf < -i/A||?;f + 4/3o72||/i|bi|y(MI |bf + c(l + |y(Ml' + |y(Ml'). (4.5) 



By (jl.3p we have that 

2iy\\Vvf > u\\Vvf + uX\\vf. (4.6) 



By and we get 

^IIHI^i + z^||Vt;f + \ux\\vf < ^MMm \y{.Otu)\ \\vf + c(i + + 

which along with (j3.7p imphes that 

j^Ml. + {5- < c(l + + (4.7) 

Multiplying (fiTT]) by and then integrating over (0, s) with s > 0, we obtain that 

+ c /'(I + |2/(0.a;)|2 + |y(0,u;)|3)e'5('^-^)+^/^^ Is/Ce.-)^-^^. (4.8) 
We now replace w by ^-tw with t > in (j4.8p to get that, for any s > and t > 0, 

Jo 



+ c 



S-t _j 

By (gj]) we find that, for ah t > 0, 

\\vit,e.tu^,voi9-tu^ml^ < e-^*+'^^-l^(^^'^)l"ni^o(e-t^)||?,i 

+ c r(i + |y(^a'^)l' + |y(^<xw)l')e'^"''^^°'^^'^"^'''"^^^^- (4.10) 



Note that \y{6rUj)\ is stationary and ergodic (see, e.g. ^20]). Then it follows from the ergodic 
theorem that 



1 



t^oo t 







hm - / \y{erU;)\dT = Ei\yiu;)\). 



-t 



On the other hand, we have 



which shows that 



E{\y{u;)\) < {E{\y{u;)\')y- < ^ 



hmi r \y{9rU^)\dT<^. (4.11) 
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By ([3:8]) and (fOT]) we find that there is To{uj) > such that for all t > To{uj), 

13 r \y{eru;)\dT < ^ < -St. (4.12) 



j-t V2a 8 

By (|4Tn]) and KW\ we find that, for all t > To{uj), 



\v{t,e_tuJ,vo{d.tuj))fH^ < e~-s^'\\vo{9_tuj)fHi 



+ c + |y(0.cj)|2 + |y(0<,a;)|3)e^'^+'5/°l^(^-")l'^^d^7. (4.13) 



Note that \y{Of^uj)\ is tempered, and hence by (|4.12p . the integrand of the second term on the right- 
hand side of (j4.13p is convergent to zero exponentially as cr —> —oo. This shows that the following 
integral is convergent: 

roioo) = cf (1 + |y(0.^)|' + \y{9,io)\')e'"+P S'^\y^'^-^\''^ da. (4.14) 

It follows from (ITOD - dmi) that, for all t > To{uj), 

\\v{t,e_tUJ,VQ{e^ti^))\\]j, <e-l^*\\vQ{e^tu^)\\]j,+rQ{u). (4.15) 

On the other hand, by assumption, B = {B{lo)}^,zq^ £ D and hence we have 

e'^^^\\vo{9-t^)\\Hi —>■ as t ^ oo, 

from which and (|4.15p we find that there is T = T{B,uj) > such that for all t >T, 

\\v{t,e.tuj,vo{e^tUj))fHi < 2ro{uj). 

Let ri{cv) = y^2ro(w). Then we get that, for all t >T, 

\\v{t,0-tuJ,vo{e-too))\\Hi <ri(w). (4.16) 

Next, we prove ri(u;) satisfies (|4.ip . Replacing to by in (|4.14p we obtain that 

ro{e^tUj)=c f (l + |y(0^_iu;)|2 + |y(0,„,u;)|3)e^-+'^/."l^(^^--)l'^-dcT 

J —oo 

CI '(1 + |y(e^a;)P + |?/(0,w)p)e^("+*)+^ ^.T' l?'(«-^)M-d(7. 



oo 
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J — oo 

-oo 
/■O 



Note that the last integral in the above is indeed convergent since the integrand converges to zero 
exponentially by (j4.12p . Then we have 



< y/Yce-^^' (^y"° (1 + \y{e„oj)\^ + |y(0,a;)|3)e^^"+^^°IJ'(^-'^)l'^"d(7^ ' ^ 0, as t ^ oo, 
which along with ()4.16p completes the proof. □ 

Lemma 4.2. Assume that g G L'^iQ), h £ Hq{Q) and holds. Let B = {B{ijo)}^(^q^ £ V and 

vq{uj) G B{uj). Then for P-a.e. uj £ Q, every s > and t > 0, we have 

\\vs{s,e^tu,vo{9^ti^ml^<c + ce-^''+^^^-^'\y^'^^^^^^ 

+c{\\z{9s-tuj)f + \\z{es-tUj)fH^ + \\z{es-tio)\\l,) , 
where c is a positive deterministic constant. 

Proof. Taking the inner product of (j3.10p with vt in L'^{Q) we obtain that 
\\vt\\^ + \\^vtf + v{^v,Vvt)= / 'F{v + z{etuj))-Vvtdx + {g + az{etuj) + {v-a)^z{etuj),vt). (4.18) 

JQ 

We now estimate every term in the above. First we have 

v\{Vv,Vvt)\ < i^\\Vv\\ \\Vvt\\ < ^WVvtf + i^^WVvf. (4.19) 

By ()3.6p . the nonlinear term in (j4.18p is bounded by 

I / 'F{v + z{etUj))-Vvtdx\<-fi / \v + z{etuj)\\Vvt\dx + -f2 / \v + z{etuj)\'^ \Vvt\dx 
JQ JQ JQ 
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< \\\^vtf + c{\\vf + \\v\\\ + + ll^(Mlll) 

< ^llV^^tf + c{\\vf + ht^, + + \Wtu^)tm). (4.20) 
For the last term on the right-hand side of (j4.18p we have 

\{g + aziOtUj) + {v- a)^z{etuj),vt)\ < ]^\\vtf + c{\\gf + + \\^z{etu)f). (4.21) 

Then it fohows from (liJ8]) - (IOT]) that 

\\vt\? + Wyvtf < ciiMlr + ||?;||^0 + ci(l + ||z(Mf + M0tuj)\\m + lk(Mlli2) 

< c||t;||^i + c(l + \\z{etio)f + \\zi9tu;)\\%, + \\z{etio)\\jj2), 
which shows that, for ah t > 0, 

\\vtit,u;,voiu;))\\jj, < c\\v{t,u;,voiiom%i + 0(1 + \\z{etuj)f + \\zietu;)\\%^ + \\z{9tuj)\\jj2). (4.22) 

First replacing t by s and then replacing uj by Otco in ()4.22p . we get that, for all s > and t > 0, 

\\Vs{s,9-tUJ,Vo{e^ti^))\\jfl 

< c\\vis,e.tco,voie-tLj))\\%, + c{i + \\z{e,^tuj)f + \\zies-tco)\\jj, + \\zies-tco)\\jj2), 

which along with (|4.9p completes the proof. □ 

We are now ready to derive the uniform estimates on the tails of solutions when x and t approach 
infinity, which are crucial for proving the asymptotic compactness of the equation. To this end, for 
every x G Q = x M, we will write x = (xi, X2, x^) where (xi, X2) G ^ and X3 G M. Given k > 0, 
denote by Qk ={ixi, X2, X3) G Q: \xs\ < k}, and Q\Qk the complement of Q^- 

Lemma 4.3. Assume that g G L'^iQ), h G H^iQ) and ([3^ holds. Let B = {B{u))}^^q^ G V 
and vq{ijj) G B{uj). Then for every e > and P-a.e. w G 0, there exist T = T{B,uj,e) > and 
ko = ko{uj,e) > such that for all t>T, 

[ {\v{t, e_tUJ, vo{9.tUj))\'^ + \Vv{t, e.tUJ, vo{e-tUj))\'^) dx < e. 
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Proof. Take a smooth function (f) such that < (f> < 1 for all s G M and 

0, if \s\ < 1, 



1, if M>2. C'^^) 

Then there is a positive constant c such that |<^'(s)| + < c for all s G M. Multiplying (j3.10p 

2 

by (/)^(t:|)w and then integrating with respect to x on Q, we get 



(t)'^{^)vvt dx- 0^(-|)uAt;t dx-v j 02(-|)t;Ai; 

cp\^)vV ■ F{v + z{etLo)) dx + j (t>'^ij^)v{g + aziOtuj) + {u - a)Az{etu))dx. (4.24) 

We now deal with the left-hand side of the above. For the first term on the left-hand side of (j4.24p 
we have 



We also have 



- J ^'(pi'Ai,, "it = / ■P-C^K^", ^ Vt.)<!i + / V (vv, ■ V*^(S) j dx 

= IS + /^„(v,„.V^^(|))... (4.26) 

The last term on the left-hand side of ()4.24p satisfies 

-u f (l)^{^)vAv dx = u I (t)'^A)\Vv\'^dx + v I v{yvV(t)'^A)\dx. (4.27) 

JQ JQ \ / 

Then it follows from (fi:2i]) - (f071) that 

V (vvt • dx-u j v{vv V0^(^)) dx 

+ <p^{^) {f{v + z{etLo)) ■Vv^dx + J^v (^F{v + z{etuj)) ■ V</'^(^)) dx 
r x'i 

+ / 4>^{^)v{g + az{etuj) + {u-a)Az{etoo))dx. (4.28) 
Next, we estimate the right-hand side of ()4.28p . For the first term we have 

1 1 V (Vv, . V</>2(||)) dx\ < \v\ \Vv,\ (I) I 
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< f \v\ Nvtl |2</<0' (^) I ^dx <j[ \v\ \Vvt\dx 

Jk<\x3\<V2k \K J K K J k<\xz\<V2k 

<l\\v\\ ||V^,||<^||V^,f + (4.29) 
Similarly, the second term on the right-hand side of (j4.28p is bounded by 

u\ j V {vv ■ V</''(||)) dx\ < ^\\Vvf + ^\\vf. (4.30) 

For the third term on the right-hand side of (j4.28p we have 

2 

cp\^) (F{v + z{etLo))-Vv^dx 

(^(^) • - ^ '^'(^) (^(^ + • V^(^t^)) dx 

</.'(^)(V • G{u))dx - j {^(^^ + ^(^etu:)) ■ Vz{etu;)~) dx 



f 1 !■ 2 

= - G{u) • V(l)\^)dx - cp^i^) (f{v + zidtio)) • VziOtiu)) dx. (4.31) 
By ()3.6p . the first term of the above is bounded by 

I J Giu).Vc^\f,)dx\< I (7iN2 + 72N=^)|2#'(|)| 



2 , I |3moa^' f I 2|X3| 

,71 1"! ~ ■ 

k<\x3\<V2k 



<l _ (7ikr + 72k|^)|200'( ^ 1 I -^dx 



7 / (7i|^iP +72|ii|^)d2; < ylliif + 7l|w|li 

Jk<\x3\<V2k ^ 1^ 

<^M' + ImI + + ^lk(Mlli- (4.32) 



By ()1.2p and (|3.6p . for the second term of (j4.3ip we have 

,x| 



</.2(^)(f(i; + z(M)-Vz(M) rf^l 



<7i / <A'(;^)b + ^(MI |Vz(M|d^ + 72 / (/>'(-^)b + z(MP|Vz(MI^^^ 



/ |Vz(MI + l^(^f^)l |Vz(MI)rf^ 
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+272 / </.2(^)(bP|Vz(MI + l^(MI'|Vz(MI)^^^ 

J Q 



+272||Vz(Mlloo / r{-^)\v\'dx + c (t>'{^M9tu;)\'\Vz{etUj)\dx 



+ 272/5o||/i||Hi|y(MI J^<p\^)\v\^dx + c J^^\^)\z{etio)\^\Vz{etu;)\dx. (4.33) 
It follows from dOB - iOSl) that 

+ ^^^/ <P\^M'dx + c[ cf>\^){\zietu;)\^ + \Vzietu;)\'')dx 



16 Vq" ' 

+ 272/3o||/i||Hi|y(MI J^<p\^)\v\^dx + c y^</.2(||)|z(Ml'|Vz(M|dx. (4.34) 
By (j3.6p . the fourth term on the right-hand side of (I4.28[) is bounded by 



v{ F{v + z{9tu;))-V(^'{^)]dx\ 



< I \F{v + z{etu;))\ \2c^^' { ^\v\dx 
< I \F{v + z{9tu;))\ (^) I ^\v\dx 

<^ f {\v + zi9tLo)\ + \v + z{etLo)\^)\v\dx 



<^(lhf + 11^111 + + (4.35) 
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By the Young inequality, the last term on the right-hand side of (|4.28p is bounded by 

<t>'^{^)v{g + az{etuj) + a)Az{etuj))dx\ 

< ^i^X ct>\^)\v\^dx + cl^(t>\^){g' + + |Az(Ml')rf^- (4.36) 

Finally, by (O8D - (O0|) and (Oi|) - (|i36l) . we find that 



I / <P'{^){\v\' + \Vv\')dx + 2u [ c^'d)\Vv\'dx 
< Qz.A + ^ <t^\%)\v?dx + ^{\\vf + \\Vvf) + l\\v\\l + ^||V^,f 

+c j (5' + \z{etuj)\'' + |Az(MI' + |Vz(MI' + |Vz(MI) dx 

+ + (4.37) 



k 

We now deal with the second term on the left-hand side of the above. Note that 



< 2 1^ \v\^\V<P{^)\'dx + 2 1^ \<p{^)\^\Vv\'dx 
< 2 / \v\'\^\§r^-^dx + 2 [ cp\§)\Vv\'dx 

Jk<\x3\<V2k K K Jq K 

2 l^4>\^)\^v\^dx < ^\\vf + 2 l^^\^)\Vv\^dx (4.38) 
Since v G Hq{Q) we have (l)i^)v £ H^{Q) and hence by ([L3D and (OSll we get 



< — / \v\^dx + 

k<\xs\<V2k 



and hence we have 



^\pVv\^dx > iA / ^\pv\^dx - ^Wvf. (4.39) 



Q 



By ([09]) we find that 

2u f <A^(||)|V.pdx > u [ 4>\§)\Vv\'dx + \uX [ ^\^)\v\'dx - ^Ibf . (4.40) 

J (jj ^ w. J 
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On the other hand, we have 

ll^^lli < c\\vfjji < c+ llull^i. (4.41) 
By (jOT]) and (|i:iOl) - (fOT]) we obtain that, for all k>l, 

Jt I <t>'{^){\v? + \Vv\^)dx + u [ 4>H^)\Vv\'dx+^-uX [ c^'d)\v\'dx 

< ^\uX + 1^ <P\§)\v\'dx + l{\\vf + \\Vvf) + ^(1 + \\v\\%,) + ^\\Vvtf 

+c [ ^\^) [g^ + + |Az(eja;)|2 + \Vz{etu:)\^ + \z{etu:)\^ |Vz(MI) dx 



+ + (4.42) 

By ([3771) and (j02]) we find that 



,xn 



Jt /^0'(^)(kl' + |VH')dx+ lj\^){6-(3\y{0tu;)\){\v\' + \Vv\^)dx 



<^(lkf + liv.f) + ^(1 + 11^111.0 + ^l|v.tf 
+c / </>'(§) (5' + k(MI' + |Az(MI' + |Vz(MI' + k(MI' |Vz(MI) dx 



'^3 

+ |(||z(Mf + lk(Mlli)- (4.43) 

Multiplying (fi:i3]) by e^*^^"'^!^^''-'^)!)'^^ and then integrating over (0,t), we get that, for ah t > 0, 

(^\^){\v{t,iv,vo{u;))\^ + \Vv{t,iv,voiio))\'^)dx 

fei:i^-/^\y('^^^)\)'i-\\vis,iv,voiiv))\\%^ds 
k Jo 

+1 t e-ft^^-(^^y^^^'''>^^'^^\\Vvs{s,io,vo{u;))fds 



+c / eJt 






f:{S-P\y{9ru)\)dr 
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+c l\i:{S-P\yiOru.)\)dr (|Vz(0,u;)p + |Vz(e,u;)|) dx] ds 



r 

Replacing a; by in the above, we find that, for all t > 



2 

<p\'^){\v{t,e^tooMO-too))\'' + \yv{t,e^tu^Mo^tu:))?)dx 



^ JO ^ JO 

+r re^*'('-^l^('^-*")l)"nb(5,^-tu;,^o(0-t^))|ll,i^is 
''^ Jo 

+1 r e^*'(^-^l^(^--"^)l)'^n|Vt;,(s, e_tu;, 7;o(e-ta;))||2ds 







+c 



+ 7 f e^til^-P\yie.-t^)\)dr (||^(0,„,^)||2 + ds. (4.44) 
Jo 

In what follows, we estimate every term on the right-hand side of (j4.44p . For the first term, by 
(jiJ2]) we have 

J Q 

<e-i^*||^;o(0-tu;)||^l, for alH > ro(a;). (4.45) 
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Since vo{9-tu}) G B{6^t^) and B = {B{uj)}^^q £ V, the right-hand side of (j4.45p tends to zero as 
t — > oo. Therefore, given e > 0, there is Ti = Ti{B, w, e) > such that for ah t >Ti, 

^- I,';{S-f3\yio.-tu.)\)dr / ^2(^) {\vo{e-ti^)\^ + \Vvo{e^tio)\'') dx < 6. (4.46) 
Note that the second term on the right-hand side of (j4.44p satisfies 



k Jo k Jo 



c 



* g<5(.-i)-/3 f^-' \y{erUj)\)dT = - C e^'^f^ ^" |j/(9.a;)|)dr^g (^^ j^^^^ 

k Jo k J_t 



By ()4.12p . the integrand in (j4.47p converges to zero exponentially as s — > — oo, and hence the 
following integral is well-defined: 

J —oo 

It follows from (|071) - ([0g|) that, for alH > 0, 



c 



t 

ei:i^-P\yiSr-t^)\)dr^g < Lr^{uj). (4.49) 



By ()4.9p . the third term on the right-hand side of (14.44P is bounded by 

e^^'^^-^\^^'--'^^\^''^\\v{s,e^tio,vo{0-tuml,ds 



t 

e-' 







< ^ /*e//(^-/3|s/(^^-*-)l)'^-e-^^+'^/-'l^(^^-)l'^ni^o(e-t^)fHi^« 







+ ^ l\f:i5-mOr-tu.)\)dr ( I" \^ ^ |y(0,^)|2 + |y(0,(^)|3)e^('^-^+*)+^/r'l?^(«--)M-da ) ds. 







(4.50) 



By ()4.12p . the first term on the right-hand side of ()4.50p is given by 





k 







t 



e 
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for all t > To{uj). Since te-a^^\\vo{0^ti^)\\jji tends to zero as t — > oo, there is T2 = T2{B,uj) > 

such that for all t > T2, 

ft 



c 

T I " - ii"uv--i.~/ii^i— ^ , 



//(5-,3|,(e._MI)<i-e-5«+/3/irii/(e.-)M-||^o(0_^^)|||^ds < 2., (4.51) 



For the second term on the right-hand side of (j4.50p we have 



' ' t 

By (j4.12p we know that the following integrals are convergent: 

r2(u;) = / e^^'+^^s l3/(e.-)M-(is, (4.53) 

and 



s-t 



00 



n{uj) = r (1 + |2/(e<xw)|' + |y(0.c^)P)e5^'^+/5/° (4.54) 
J— 00 



By (fi32]l - (|i3i]) we obtain that 



< ^r2(u;)r3(w). (4.55) 



Then it follows from (fi30]) and (|i35]) that, for all t>T2, 



c 



*e/;(<5-/3|i/(^?.-*-)l)rfr||^(g^^_^^^^^(^_^^))||2^^^^ < .£(i + ^^(^)^2(c^)). (4.56) 



For the fourth term on the right-hand side of (|4.44p . by (|4.9p . we have 



t 
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c 



(4.57) 

We now deal with the first term on the right-hand side of the above, which is given by 



-I I"- 



c 



k 



< ^ / e 







< ^e-^*+^^/-l^(^^-)l'^ni^o(^-*u;)rHi- (4.58) 

By (|4.12p . we know that 

and hence it follows from (j4.58p that there is = T-^{B,uj) such that for all t > T3, 

./.■(«-«e,-«)l)<ir (e-''+''J-T'M''">l'"l\vo(S_,u,)f„,yd, < |. (4.59) 



k 







For the second term on the right-hand side of (j4.57p . we have 



C 

Jo \J-t / 



< ^ f\lss+pj^\y(e^.)\dr^j r(l + |y(^<xC^)l' + |y(^c.a;)l')e^''^+^^"l^('^")l""d^V. (4.60) 



kj-t 
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Note that (j4.12p implies the convergence of the integrals: 

r,{co)= f ey'+^IsW^^)\'irds, (4.61) 

and 

^ — oo 

Therefore it follows from i^W^-l^mi) that, for ah t > 0, 



^^\i:i^-me.-t^)\)dr f^l' \l + |y(0,a;)|2 + |y(0,^)|3)e'^('^-^+*)+^/r'ls/(^^-)M-daj ds 

< ^r^uj) ri(^). (4.63) 
By (gSZD, (ICTIl and K63\i we find that, for all t > Tg, 

Note that (7 G L'^{Q), and hence for given e > 0, there is A;i = ki{e) > such that, for all k > ki, 

g^{x)dx < e. 



'|x3|>A; 

from which the sixth term on the right-hand side of ()4.44p is bounded by 

* ^{S-P\y{Sr-M\)dT ( f ^2(^^ 5 







t 



<ec e^t^^-^\y^^^-'^^\^'^^ds<ecri{Lo), (4.65) 
Jo 

where ri(a;) is given by (lOHD . Since (/ - A)-i/i G i?2(Q), there is k2 = k2{uj) > such that for 
all k > k2, 

[ (|(/- A)-i/i|2 + |A(/- A)-i/ip)(ix<e. (4.66) 

J\x3\>k 

Note that z{9tLo) = {I — A)~^hy{6tuj). By (14.661) the seventh term on the right-hand side of (|4.44jl 
satisfies 



c 1^ ,i:iS-mer-^u.)\)dr (^J^<p\^) {m.tu;)\' + |Az(0,_ia;)|2) ) 
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< cl\-ltiS-mo.-tu.)\)dr ^ ^ ^^2(M) {\z{es-tu;)\^ + \Az{9s-tu^t) dxj ds 
Jo Jo 





< ec / e^'+'^-fs\yiS-'^)\<ir\y(0^u)\'^ds < ec reiu;), (4.67) 

where ^6(0') is given by 



J —00 



-00 



Note that rQ{uj) is weh-defined by (j4.12p . Similarly, we can find a random function rj{uj) such that 
the eighth term on the right-hand side of (j4.44p satisfies 



Xn 



c 1^ j:{S-me^-,.)\)dr ^</)2(^) {\Vz{es-tu;)\^ + |Vz(0,_ta;)|) dx) ds < ec vj{uj). 



(4.68) 



For the last term on the right-hand side of (j4.44|) we have 

j:(S-p\yie..,.)\)dr (||^(^^^^^)||2 + ||^(0,_,a;)||3) ds 



t 

e-' 







< ^ f\i:(S-^\yier-.u.)\)dr (|y(0^_^^)|2 + |y(^,^,^)|3) ds 

^ Jo 



k 







k J_^ k 







- I ' \y^'^^^\^''^MesUj)? + \y{esu^)?)ds < ^ rsicu), (4.69) 

where rs{uj) is given by 

r8{u;)= r e''+f^'^y^'^'^^^'>''^\y{esu;)f + \y{9sio)f)ds. 
J —00 

We now deal with the fifth term on the right-hand side of (j4.44p . By Lemma 14.21 we have 

k 



c 



+k 



f ^s:{&-mor-tu.)\)dr^-25s+2PZ-' \yis^-)\'ir\\^^^e.tu:)\\\j,ds 

Jo 
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k 



'0 



Q 



+ ll^elt('-''\y«>r-.^)\)'ir (||^(0^_^^)||2 + ||^(0^„^^)||4^, + \\z{6s-tu;)\\jj,) ds. (4.70) 

Note that the last term of the above has estimates similar to (j4.69p , which along with ()4.49p , (j4.59p 
and ()4.63p imply that, there are ^9(0;) and T4 = T4{B,uj) > such that for all t > T4, 

Let Ts = T5(i?,u;,e) = max{Ti, Ts, T4} and = /c3(e) = max{A;i, A;2}. Then it follows from 
(ITOD . (I06D . (I09D . (irail . (iroD - dOTIl and (liTm that, for ah t > Tg and /c > /cs, 

</.2(||)(|7;(t,e_ta;,t;o(e-ta;))P + \Vv{t,e.tUJ,vo{e_tUj))\^)dx 

<e(l + rioM) + ^rio(u;), (4.72) 

where rio(w) is a positive random function. By (j4.72p we find that there is ^4 = ^4(0;, e) > such 
that for all t > T5 and k > k4, 

[ i\v{t, e.tUJ, vo{e^tu;))\'^ + \Vv{t, e^tUJ, voi9-t^))\'^)dx 

J\x3\>V2k 

r 3.2 

< ^\-^)i\vit, e^tuj, vo{e^tu;))\'^ + \Vv{t, e^tu, vo{e^tio))\'^)dx < e(2 + rio(a;)), 
which completes the proof. □ 

In the sequel, we derive uniform estimates of the solutions on bounded domains which are neces- 
sary for verifying the asymptotic compactness of the stochastic Benjamin-Bona-Mahony equation. 

To this end, we define tp = \ — (j) where (p is the function given in (I4.23p . Fix k > \ and let 

2 

v{x,t,uj) = ^(||)i;(x,t,Lj). Then v{-,t,uj) G H^{Q2k) and 

\\^it^^)\\H^{Q2k) ^ 4vit,uj)\\Hi(Q^,), Vt > 0, ujen, (4.73) 
where c is a positive deterministic constant, independent of a; G and k > 1. Note that 

vt = tpvt, (4.74) 
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Av = {A^)v + 2VV' • Vv + i^Av, (4.75) 

Avt = {A'4))vt + • Vi)f + VA?;t. (4.76) 

By ([iT5]) and (|T76]) we have 

il;Av = Av- vA^ - 2V'ip ■ Vv, (4.77) 

and 

TpAvt = Avt - vtAip - 2Vip ■ Vvt. (4.78) 
Multiplying (|3.10p by i/j we get that 

i;vt - i^Avt - viIjAv = -il^V ■ 'f {v + z{BtOj)) + ^"5 + aipziOtUj) + {u - a)ijAz{9tUj). (4.79) 

Substituting and (liTTTD - dOSl) into (|T79l) we find that 

vt - Avt - vAv = -ipV ■ 'f{v + z{9tuj)) + ipg + a'4)z{etoj) + {u - a)'il^Az{etuj) 

- vtAip - 2Vi) ■ Vvt - vvAip - 2vV^ ■ Vv. (4.80) 
Consider the eigenvalue problem: 

- Av = \v in Qafe, v\aQ2u = 0- (4-81) 

Then problem (j4.8ip has a family of eigenfunctions {ej}j^^ with corresponding eigenvalues {Aj}j2,^ 
such that {ej}JLi is an orthonormal basis of Lp'{Q2k) and 

Ai < A2 < • • • < Aj — > oo as j — > 00. 

Given n, let Xn = spanjei, • • • , 6^} and Pn : L'^{Q2k) be the projection operator. For v, we 

have the following estimates in HQ{Q2k)- 

Lemma 4.4. Assume that g e L'^iQ), h E H^iQ) and ([3^ holds. Let B = {B{u))}^^q^ G V 
and vq[uj) G B[lo). Then for every e > and P-a.e. lo & Vt, there exist T = T{B,io,€) > and 
N = N{lj, e) > such that for all k > 1, t > T and n > N, 

Wil - Pn)vit,e.tuJ,voi9.tUJmH^^Q^^) <e. 
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Proof. Let Vn,i = PnV and Vn,2 = v — Vn,i- Then applying / — P„ to (j4.80p and taking the inner 
product of the resulting equation with Vn,2 in L'^{Q2k) we obtain that 

2^ {\K2f + \\VVn,2f) +iy\\Vdn,2f = " (^pV ■ F {v + z{etUj)) , dn,2) + {lp9, Vn,2) 

+ {aipz{etio) + {u- a)7pAz{etuj),Vn,2) - (vtAip + 2VV' • Vvt + i^vAip + 2uVip ■ Vv, Vn,2) ■ (4.82) 
By (j3.4p . the nonlinear term in the above is bounded by 

\(^pV-F{v + z{etiu)),Vn,2)\<J^ ip(^^yF'{v + z{etu;))\ \Vv + V z{9tLo)\ \vn,2\dx 

< / \-/l+^2{v + z{etL0))\\Vv + Vz{etUj)\\Vn,2\dx 

< c(||Vt;|| + \\Vzietu;)\\) ||{}„_2|| + c (||Vt;|| + ||Vz(MII) (Iblle + ll^(^t^)l|6) IK2II3 

<c{\\v\\hi + \\z{etUj)\\Hi) \\Vn,2\\+c{\\v\\H^ + || z(6'fw) || ) {\\v\\hi + || ^(61*0;) ||^i ) \\Vn,2h 

<c{\\v\\hi + \\z{etuj)\\Hi) ||^^n,2|| +c(||t;||^i + || H^^i ) ||Vi}„,2||5||i)„,2||^ 

< cX'^i i\Hm + M0tu^)\\m) \\yvn,2\\ + cA^i {\\v\\jj, + \\z{etu;)\\l^) ||V<2|| 

< 3^H|V<2f + cX-l, {Ml, + M9tuj)fH,) + cA^li {\\v\\%, + |k(M||^0 

< ^i^\Nvn,2f + cX-l, + c (a^Ii + A;|i) {Mj,, + mujt) . (4.83) 
Note that the second term on the right-hand side of (I4.82P is bounded by 

1(^^5,^^,2)1 < Ibll ||i)n,2|| < A^lillffll \\VVnM\ < ^^^11 Vi}n,2 f + cA„ . (4.84) 

For the third term on the right-hand side of (j4.82p we have 

I (a^JziOtuj) + a)i;Az{etuj),Vn,2) \ < c(||z(MII + A2(MII)Nn,2|| 

< c\y{etu;)\\\vn,2\\ < cA;|i|y(MI l|V<2|| < Vn,2 f + cX-lM^tu;)\^ ■ (4-85) 
Similarly, we can check that the last term on the right-hand side of (j4.82p is bounded by 

I {vtAil; + 2^11) ■ Vvt + uvAijj + 2i>Vil) ■ Vv, Vn,2) \ 
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< ^i^W^VnMl' + cX-l, (1 + \\v\\%, + WvtWj,,) . (4.86) 
Then it follows from (ITOD - dOTD that 

|ll^^n,2||^i + ^^^||V^„,2f < C (a;|i + X-l,^ {\\V\\%, + |y(Ml') 

+ cX-l, (1 + IIHll,! + Wvtfni + |y(Mn • (4.87) 
Given e > 0, take = N{e) > large enough such that for all n> N , 

A„+i > max{l, A} and A„_f ^ < e, (4.88) 



where A is the positive constant in (jl.3p . By (|4.87p and (j4.88p we have, for all n > and f > 0, 

Jt\\<2fm + ^H|V<2f < ce{\\v\\\j, + WvtWl, + \y{etu:)\'' + \y{etu)\'') . (4.89) 

Note that (lil^ and (OHI) imply 

3 1 1 

-I^||V{i„,2|P > l^||Vi}„,2|P + -i^Art+l||v„,2|P > i^||Vi;„,2|P + -l'X\\Vn,2\\'^ > (511^71,2111/1, 

which along with ()4.89p shows that, for all n > and t >0, 

^ll<2|lii + s\\vnM\m < (II^IIhi + Wvtfm + |y(MI' + |y(MI') • (4.90) 

Integrating (14.90p over (0, t), we find that, for all n > and t>0, 

||t}„,2(t,w)|lHi < e-^*||w„,2(0,w)|||i 

+ce Te-^^^"*) (1 + \\v{s,uj,vo{oo))\\%^ + \\v,{s,Lo,vo{uJ))\\l^ + \y{dsLo)\^ + |y(Ml') ds. 
Jo 

Replacing to by 6-tto in the above, we get that, for all n > A^ and t >0, 

||{)„,2(t,^-tw)|||i < e-^*||w„,2(O,0_fw)||^i 



+ce /_ e''^^^*) (1 + \\v{s,e_too,vo{e^t^mjj^ + \\vs{s,e_tUJ,vo{e^tu^mm + \y{Os~tuj)\^ + \y{es-tu;)\^) ds. 

(4.91) 
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For the first term on the right-hand side of (j4.9ip . by (j4.73p we have 

which converges to zero as i — > oo, and hence there is Ti = Ti{B, w, e) > such that for ah t >Ti, 

e-^'\\vn,2{0,0-tio)fH, <e. (4.92) 

For the second term on the right-hand side of (|4.91|) . by (j4.9p . Lemma [4.2l and the proof of Lemma 
T3]we can show that there are T2 = T2{B,uj, e) > and r{uj) > such that for all t > T2, 

<c(l+r(cj)). (4.93) 

The details for the proof of (|4.93p are omitted here. Let T = max{Ti,T2}. Then by (|4.9ip - (|4.93p 
we get that, for all n > and t >T, 

\\vn,2{t,0-tuj)\\jji < e + ce(l + r(u;)), 

which completes the proof. □ 

Lemma 4.5. Assume that g £ L'^{Q), h £ Hq{Q) and ([3^ holds. Let B = {B{uj)}^^q^ £ V, 
tm ^ 00 and VQ^m £ BiO-tm^)- Suppose v{t,6-tUJ,vo^m) satisfies (|3.1Up - (j3.1ip with initial condition 



Vm{x,t,9-tUj) = v{x,t,9-tUJ,Vo^ni), 

where k > 1 is fixed. Then for P -a. e. e the sequence {vm{tm,d~tm^)}m=i ^^■^ ^ convergent 
subsequence in Hq{Q). 

Proof. By Lemma l4.ll for P-a.e. oj £ Q, there is Ti = Ti{B,uj) such that for all t>Ti, 

\\v{t,9_tUJ,vo{9.tUJmH^,iQ)<r{uj), (4.94) 

where r{uj) is a positive random function. Since tm — > 00, there is Mi = Mi{B, u) such that for all 
m > Ml, tjn ^Ti, and hence by (j4.94p we have 

\\v{tm,9^t^Lj,vo{9^t^u;))\\Hi^Q^ < r(w), V m > Mi, 
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which imphes that 

\Htm,9-t^uj,vo,m)\\H^(Q) <r{uj), Vm>Mi. (4.95) 

By (|i:95]) we find that 

\\vmitm,0-t^i^)\\H^(Q) < cr{uj), V m > Ml. (4.96) 

Given e > 0, it follows from Lemma 14.41 that there are T2 = T2{B, uj, e) and = N{uj, e) such that 
for all t >T2, 

\\{I-PN)vit,e.tLo)\\H^^^Q^^)<e. (4.97) 
Take M2 = M2{B,uj, e) large enough such that tm > T2 for m > M2. Then we get from (jOT]) that 

\\{I-PN)vUtm,0-t^u;)\\jjr^Q^^^<e, Vm>M2. (4.98) 

On the other hand, ()4.96p shows that the sequence {P]\fVm{tm,0-t^^)} is bounded in the finite- 
dimensional space PNHQ{Q2k) and hence is precompact in -P/v-f^g ((52fc)) which along with (j4.98p 
implies the precompactness of {vmitm^f^-tm^)} in Ho{Q2k)- Note that Vm{x,tm,9-t„i'^) = for 
X ^ Q2k and hence {vmitm, is precompact in Hq{Q). □ 

Next we establish the asymptotic compactness of the solutions of problem (j3.10p - (j3.12p . 

Lemma 4.6. Assume that g G L'^iQ), h £ H^iQ) and (fOj) holds. Let B = {B{u))}^^q^ e V, 
t„ — > cxD and uo,n G B{9-tn^)- Then for P-a.e. uj £ VL, the sequence {v{tn,0-t„uj,VQ^n)}^=i has a 
convergent subsequence in Hq{Q). 

Proof. Given e > 0, it follows from Lemma 14.31 that, for P-a.e. uj G fl, there are Ti = Ti{B,oj,e) 
and = kQ{uj, e) such that for all t >Ti, 

{\v{t, e.tUJ, vo{e-tUj))\'^ + \Vv{t, 9_tUJ, vo{e-tUj))\^) dx < e. (4.99) 
Let A^i = Ni{B,ui,e) be large enough such that t„ > Ti for n > A''i. Then by ()4.99p we have 

/ {\v{tn,e-tr.uj, ?;o(6'_t„cj))|2 + \Vv{tn, e^t^uj, VQ{e.t^uj))\'^) dx<e, V n > Ni, 
JQXQko 
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JQ\Q 



which imphes that 

{\v{tn,e^tr.uj,VQ,n)? + \Vv{tn,e^t^uj,va^n)\'^)dx<e, Vn>Afi. (4.100) 
Denote by 

Then from Lemma [4.5l we know that, up to a subsequence, {vn{tn, 0-t„^)} is converg ent in H^{Q), 
which shows that {vn{tn, (^-t„^)} is a Cauchy sequence in Hq{Q), and hence also a Cauchy sequence 
in H^{Qko). Note that 6'_j„6j) = v{tn,0-t„uj,vo^n) in Qko and thus {v{tn,0-t„uj,vo^n)} is a 

Cauchy sequence in H^^Qk^)- This along with ()4.100p shows that {v{tn,0-t„uj,vo^n)} is a Cauchy 
sequence in Hq{Q), as desired. □ 

5 Random attractors 

In this section, we prove the existence of a 2?-random attractor for the random dynamical system 
$ associated with the stochastic Benjamin-Bona-Mahony equation on the unbounded channel Q. 
By (I3T3I1 and I^JS), $ satisfies 

9-tUJ, ^0(6*-*^)) = u{t, 6_ti^, uo{9-tUj)) = v{t, vo{9^t^)) + z{u;), (5.1) 

where vo{9^t^) = uo{9^t^) — z{9^t^). Let B = {B{oj)}^^q, G V and define 

B{u) = {v HliQ) : ll^^ll^i < ||7.(..)||^i + ||z(u;)||^i, u(^) G i3(^)}. (5.2) 

We claim that B = {B{uj)}i^(zq belongs to V provided B = {B{uj)}i^(zQ G V. Note that B = 
{i?(a;)}a;eQ £ ^ implies that 

lim e-y^d{B{9_tuj)) = 0. (5.3) 

t— +00 

Since z{lli) is tempered, by (|5.2p - (j5.3p we have 

lim e-y^d{B{9^t^)) < lim e~l^^d{B{9_t^)) + lim e-i^*||z(^_ttj)|Ui = 0, 

t^oo t^oo t— >oo 

which shows B = {B[lo)}^^q^ G T>. Then by Lemma l4.ll for P-a.e. G $1, if vq{uj) G B{uj), there 
is Ti = Ti{B,uj) such that for all t >Ti, 

\\v{t,9^tio,vo{9^tiomHl, <r{io), (5.4) 
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where r(uj) is a positive random function satisfying 




r{9-t^) — > as t — > oo. 



(5.5) 



Denote by 



Kiuj) = {ue Hl{Q) : < r{u;) + 



(5.6) 



Then by (j5.5p we have 



hm e 8 



d{K{9^tu)) < hm e-i''V(^_tcu) + hm e-i'^*||z(0_tt<j)||^i = 0, 




which imphes that K = {K{uj)}uj£q G D. We now show that K is also an absorbing set of ^ in D. 
Given B = {B{uj)}^en e P and uo{uj) G B(u;), by ([53]) and ([53]) we find that, for ah t > Ti, 

\\u{t,0-tUJ,Uo{9-tUj))\\H}^ < \\v{t,d-tUJ,Vo{e^ti^))\\Hi + \\z{uj)\\h1 < r{uj) + \\z{uj)\\ fjl , 

which along with ()5.ip and (j5.6p implies that 



and hence X = {i^(a;)}(^gn G D is a closed absorbing set of $ in D. In a word, we have proved the 
following result. 

Lemma 5.1. Assume that g £ L'^{Q), h G Hq{Q) and (j3.4p holds. Let K = {i^(Lj)}^gQ 6e given 
by (|5.6p . T/ien X = {X(Lj)}(^gf7 €^ D is a closed absorbing set of ^ in D. 

As an immediate consequence of Lemma [4. 6 1, we find that <I> is D-pullback asymptotically compact 



Lemma 5.2. Assume that g G L'^{Q), h G Hq{Q) and (j3.4p holds. Then the random dynamical 
system <I> is V-puHback asymptotically compact in Hq{Q); that is, for P-a.e. uj £ Q., the sequence 
{$(t„, 9-t,^io, tio,n)} has a convergent subsequence in Hq{Q) provided t^ oo, B = {i3(u;)}^gQ G V 
and uo,n G B^O-t^u;). 

Proof. Since B = {B{uj)}^^fi belongs to V, so does B = {B{uj)}ujen which is given by (j5.2p . Then 
it follows from Lemma [4.61 that, for P-a.e. a; G fi, up to a subsequence, {v{tn,9-t,^uj,Vo^n)} is 
convergent in Hq{Q), where fo,n = "Wo.n — ^i^-tn^) £ B{9^t„^)- This along with (|5.ip shows that, 
up to a subsequence, {^{tn,9-t„uj,uo,n)} is convergent in Hq{Q). □ 



$(t, ^_tcj, B{9^t^)) C K(tj), V t > Ti, 



(5.7) 



ini^n' 
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We are now in a position to establish the existence of a P-random attractor for <I>. 

Theorem 5.3. Assume that g G Lp'iQ), h E Hq{Q) and (|3.4p holds. Let V be the collection 
of random sets given by (j3.15p . Then the random dynamical system <I> has a unique T) -random 
attractor in Hq(Q). 

Proof. Notice that $ has a closed absorbing set {K{uj)}ujen in ^ by Lemma |5.H and is P-pullback 
asymptotically compact in Hq{Q) by Lemma 15.21 Hence the existence of a unique P-random 
attractor follows from Proposition 12.81 immediately. □ 
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